Abstract: This paper provides an interesting paradigm for cybernetical physics, in which the heuristic technique applied to creating squeezed light states is shown to be a natural outcome of optimal control theory. Two objectives are studied, including the minimization of the fluence of the pump field that steers the system into some prescribed squeezed state, and, as a dual problem, the maximization of the squeezing ratio with fixed field fluence. Analytic solutions are obtained by applying the Pontryagin Maximum Principle to quantum control system under SU(1, 1) dynamical symmetry, from which the physical implications are discussed.
INTRODUCTION
In quantum optical applications, the manipulation of lasers is essential to preparation of high-quality light resources for controlling and probing quantum objects. The laser is usually described by quantum coherent states ), whose main characteristic is its minimumuncertainty property, i.e., if we decompose a quantized electric field as E(t) = Eε(X 1 cos ωt + X 2 sin ωt), where E andε are the amplitude and direction of the field in frequency ω, respectively. X 1 and X 2 are the oscillating amplitude in two orthogonal axes, and their variances can be proved to satisfy ∆X 1 · ∆X 2 = 1 4 , which implies that they cannot be simultaneously precisely measured, and the constant 1 4 gives the lower bound claimed by the well-know Heisenberg uncertainty principle. Nevertheless, such physical limit does not prohibit precise measurement of ∆X 1 while sacrificing that of ∆X 2 (or vice versa), which can be done without violating the natural law of uncertainty principle. For example, one can design the quantum state of the light such that ∆X 1 is reduced to relationship is still maintained. Such states are thus called squeezed states. The squeezed state is particularly useful in the measurement of gravitational fields , ).
In laboratory, the generation of squeezed states is done by shooting a pump laser field into some nonlinear medium (e.g., nonlinear crystal or optical fiber). By manipulating the pump field, one can utilize the nonlinear fieldmatter interaction to transfer photons in the pump field into desired states. This can be formulated as optimal quantum control problems, which have been extensively studied in recent years with applications to quantum chemistry ) and quantum information , ). This paper studies the design of minimum-fluence (or minimum-energy) pump field for generating desired squeezed state, and the dual problem of maximizing the squeezing ratio with fixed field energy. The paper is organized as follows. In Section 2, the dual problem of state squeezing is formulated as a quantum optimal control problem, and is simplified via reduction from an infinite dimensional Hilbert space to a two-dimensional hyperboloid. In Section 3, the optimal control problems are analytically solved by the Maximum Principle, showing that the commonly used pump light in current technologies are actually optimal subject to the objectives. Section 4 draws the conclusion and discusses the results. 
where α ∈ C is the complex amplitude of the coherent state which satisfies the minimum-uncertainty relation ∆X 1 = ∆X 2 = 1 2 . The state evolution of the field mode is governed by the Schrödinger equation:
where the energy operatorĤ is called the Hamiltonian of the system. A typical squeezing scheme is to let a classical light pump source propagate go through a nonlinear medium to induce the degenerate parametric amplification, where the Hamiltonian can be written as Klimov2009
where complex number valued time dependent parameter c(t) represent the amplitude and phase of the pump field. One can also use a different physical system with the following Hamiltonian )
as an alternative scheme to prepare squeezed states.
The two different physical schemes share the same feature that the free and control Hamiltonians of the underlying control systems are generators of the su(1, 1) Lie algebra (N.Ja. Vilenkin and A.U.Klimyk [1991] ), i.e., if we denote
), then they satisfy the following commutation relationships:
Consequently, the set of realization evolution operators form a SU(1, 1) Lie group. With this context, the SU(1, 1) squeezed states are defined as below
where α = − θ 2 e −iϕ and ξ = tanh θ 2 e −iϕ is defined on the unit disk in the complex plane; k is some constant integer that labels the specific Hilbert space, which will be dropped for simplicity in the below discussions. The value of |ξ| ∈ [0, 1] represents the ratio of squeezing. For standard coherent states, |ξ| = 0, while in the limit of |ξ → 1, the variance of X 1 goes to zero, and the conjugate observable X 2 becomes completely randomized. Geometrically, the set of SU(1, 1) squeezed states can be represented by the coset space SU(1, 1)/U(1), where U (1) is the one dimensional Lie group generated by K 0 . Owing to the presence of the SU(1, 1) dynamic symmetry, the system will always stay at this coset space.
In this paper, we study two relevant optimal control problems that seek the most efficient control fields. The first one seeks the optimal control solution that steers the system from |0⟩ to some final coherent state |ξ⟩ with least cost:
where T is the effective interaction time of the mode in the nonlinear medium, which is generally very short as light travels very fast in the nonlinear medium. The cost stands for the fluence (or total energy) of the field during the control process, which is generally limited during the short time of interaction. On the other hand, we also raise the dual optimal control problem, i.e., to what extent can the state be squeezed, if the fluence of the field is fixed. This corresponds to the maximization of the squeezing ration
at the final time, where the number |ξ(T )| is a function of the quantum state, under the constraint
Note that the presence of SU(1, 1) dynamic symmetry restricts the state evolution on a finite-dimensional manifold in the actual infinite dimensional space of quantum optical states. This makes it possible to simplify the system model by finding an algebraically equivalent low-dimensional realization of the Hamiltonians K 0 and K ± that retains the same commutation relationship, which is not necessary to have any physical meaning. Such realization may greatly facilitate the finding of the optimal control solutions. In this regard, we choose the simplest realization as below the following 2 × 2 complex matrices:
Under such realization, the corresponding SU(1, 1) group is formed by 2 × 2 complex matrices that satisfy
or equivalently, the matrices that preserve the indefinite quadratic form Q(x, y) = x † P y on the two-dimensional complex space C 2 .
With this representation, the coherent state is mapped to a two-dimensional complex vector x = (x 1 , x 2 ) T in the two-sheet hyperbloid
where the vacuum state is mapped to |0⟩ = (1, 0) T .
Suppose that (x 1 , x 2 ) T is the squeezed state corresponding to squeezing parameter ξ = tanh θ 2 e −iϕ , then according to the definition of the squeezed states,
from which we obtain that ξ = x2 x1 . Now let us reformulate the optimal squeezing control problem with the two-dimensional system realization. Assume that = 1 under proper units. The squeezing system can be mapped to the following control system on C 2 :
with the initial state x(0) being in the vacuum state. The matrices K 0 and K ± take the form in (10), to some prescribed target squeezed state |ξ(T )⟩ at final time T . We aim to solve the following prolems:
Problem 1 Find the controls that minimize (6) and steer the state to a submanifold
Problem 2 Find the controls such that maximize ξ(T ) = x 2 (T )/x 1 (T ) while keeping the control fluence at the level of F .
THE OPTIMAL CONTROL SOLUTIONS FOR STATE SQUEEZING
Making use of the well-known maximum principle , ), we introduce the generalized Hamiltonian function for Problem 1:
where z(t) is the conjugate vector whose evolution is as belowż
The constant number λ specifies the normality of the extremal controls, i.e., when λ = 0, the resulting control is called an abnormal extremal, otherwise it is called a normal extremal. For Problem 2, the generalized Hamiltonian reads
where the constant λ is the Lagrange multiplier for the constraint (8).
The necessary condition for c(t) to be an optimal solution is ∂H 1,2 ∂c(t) ≡ 0, which, for normal extremals 1 , implies for both Problems 1 and 2 that (λ ̸ = 0):
In addition, we define
Then, combined with (11) and (12), the differentiation of c 0 (t) gives thatċ 0 (t) = 0, which implies that c 0 (t) ≡ 2δ ∈ C is constant. Then assume that c(0) = M e iψ , the differentiation of (13) gives
1 Due to the limit of space here, we only discuss the normal extremals that are physically more important. The abnormal extremals can be proven to be constant functions which are relatively trivial.
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from which the control field can be written as c(t) = M e i [(ω0−δ)t+ψ] . Similarly, from (14) one can derive thaṫ
However, one can see that only when δ is a real number can the solution c(t) = M e i [(ω0−δ) t+ψ] be consistent with (16).
Therefore, we can conclude that the optimal controls for both optimization problems are monochrome continuouswave light, where the (real) field parameters M , ψ and δ are to be determined by the boundary condition.
Using this control form, we can analytically solve from the Schödinger equation. Firstly, by state transformation
which is a time-invariant linear system that can be easily solved. Then, transformed back to x(t), the final solution of the optimal trajectory can be derived to be
where t ∈ [0, T ] and x(0) is assumed to be the vacuum state. The corresponding squeezing parameter can be expressed as
where Ω = √ |M 2 − δ 2 |. Suppose that the target squeezed state is |ξ⟩, then taking the absolute value of the above equation gives that
In the range |δ| ≤ M , Ω is by definition no greater than M . So we have
On the other hand, it can be verified from (18) that M is a monotonically deceasing function of Ω, so the minimum value of J 1 is arrived at Ω = M = 2 T arctanh |ξ| (corresponding to δ = 0), i.e.,
In the range |δ ≥ M , from the inequality sin x < x for all x > 0, we see that
Therefore, in conclusion, the global minimum for J 1 is reached at δ = 0 and M = 2 T arctanh |ξ|. The phase parameter ψ can be determined by matching the phase of ξ, i.e.,
The dual problem can be solved from the same equation (18) . Note that the restriction on the fluence implies that
which, similarly, can be proven to be maximized at Ω = M = √ F T −1 and δ = 0, which leads to
Note that the optimal control field obtained above are both resonant with the system frequency (i.e., the detuning frequency δ = 0). From the above results, the state gets more squeezed when the quantity F T is large enough, which can be done by either increasing the fluence of the field or prolong the time of interaction of the pump field with the nonlinear medium. In practice, the effective interaction time is generally small and fixed, so that one mainly need to improve the fluence (or equivalently the amplitude of the field) to achieve desired state squeezing.
DISCUSSION
We have shown that the solution for the optimal state squeezing is a simple monochrome field resonating with the quantized field mode, whose field parameters (amplitude and phase) can be determined by the desired the squeezed state. It should be noted that such fields are exactly what is used in the laboratory, where the design is purely from physical intuition and analytical solvability. Here we show that, among the infinite number of ways (monochrome or nonmonochrome field) to achieve quantum state squeezing, the heuristic and simplest scheme is also the economist in the sense of minimum-fluence.
The result obtained in this paper is somewhat similar to the optimal control of two-level quantum systems given in ). In their work, the minimum-fluence solution was also shown to be in a resonating sinusoidal waveform, which is exactly what is prevalently used in NMR (nuclear magnetic resonance) technology. However, the essential distinctions are (1) the original quantum system is infinite-dimensional; (2) the underlying SU(1, 1) dynamic symmetry is more complex than the SU(2) symmetry in two-level systems, which complexifies the procedure of solving the optimal control problem.
The model adopted in this paper corresponds to the use of circularly polarized pump light. If the light is linearly polarized, the corresponding control model then becomes
which is a single-input system. The minimum-fluence control of such system is also analytically solvable, but is not a simple monochrome field. This will be studied in another work.
